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Let X be a complete variety over an algebraically closed field K, and D 
an effective (locally principal) divisor. Denote by ND the normal sheaf; 
it fits into a fundamental exact sequence 
O+O,-+O,(D)-+N,+O. (1) 
Consider a flat family .Y of deformations of D; it consists of a parameter 
variety W, a point w of W, and an effective divisor on X x k W flat over W 
whose fiber over w is equal to D. Denote by T,(W) the Zariski tangent 
space to W at w. The characteristic map of Y is a certain linear transfor- 
mation 
P: TwP”) - HOW,) 
and its characteristic system is the linear system on D cut out by the 
image of p [12, Vol. 1, pp. 94-95; 8, Lect. 22; 7, pp. 479-4801. When W 
is smooth at w, the completeness of the characteristic system, the 
surjectivity of p, means, intuitively, that every normal field to D in X 
can be integrated. 
Consider the universal flat family & of deformations of D; it is 
parametrized by the open piece Divtxik) of the Hilbert scheme H = 
H%/,) . Its characteristic map is always bijective [2, Rem. 5.5, p. 23; 
8, Cor. 2, p. 1541. Furthermore, & induces Y by a (unique) map 
f: W + H. Correspondingly, the two characteristic maps fit into a 
commutative diagram 
T(f) 
t/ P 
TwP’) 
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where h is the point of H representing D. It follows that: 
I f  W is smooth at w and p is surjective, then H is smooth at h. (2) 
Indeedl, let A and B denote the completions of the local rings of H at h 
and W at w, let M and N denote their respective maximal ideals. Then f 
defines a homomorphism u: A -+ B and the induced map ur: M/iW --+ 
N/N2 is injective. Let a, ,..., a,,, be elements of A whose images in M/iW2 
form a k-basis. Then u(a,),..., u(A,) are regular parameters of B because 
their images in N/N2 are linearly independent for ui is injective. Choose 
a complementary set of regular parameters of B; form the ideal they 
generate and its residue class ring B’. Then B’ is a regular ring, in fact, 
a power series ring in the images bi’,..., b,’ of a, ,..., a,, . So, assigning ai 
to bi’ defines a k-homomorphism ZI: B’ + A. Clearly, u’ 0 U: B’ --+ B’ 
is the identity map, where u’: A + B’ is the composition of U: A -+ B 
and the residue class map r: B --f B’. Moreover, ZJ is surjective because 
the elements ai = v(bi’) of A reduce to generators of M/M2. Therefore v 
is an isomorphism and A is regular. 
The theorem of completeness of the characteristic system asserts 
the existence of a flat family .Y of deformations of D whose characteristic 
system is complete and whose parameter space W is smooth at the point w 
representing D, when two conditions, described below, are fulfilled. 
The theorem amounts, by (2), to a criterion for the smoothness of the 
Hilbert scheme. Severi and Zappa discovered a simple example [S, p. 1551, 
valid in any characteristic, where the Hilbert scheme is not reduced; 
so some conditions are necessary. 
The first condition is that the Picard scheme P = Pic(X,kj be smooth. 
In characteristic zero, it is always fulfilled because every group scheme 
in characteristic zero is smooth (Cartier’s theorem, [8, p. 1671). In 
positive characteristic, it need not be fulfilled (for example, Igusa’s 
surface [5]); however, it is fulfilled if and only if all Serre’s Bochstein 
operations from Hl(O,) to H2(0,) are zero (Mumford proved this, 
[8, Cor., p. 1981). 
The second condition is that D be semiregular, that is, that the map u 
below be zero in the cohomology sequence of (l), 
0 -- HO(O,) -----f HO(O,(D)) -----f HO(N,) 
+ Hl(0,) -+ Hl(O,(D)) -S Hl(N,) -‘+ H2(0,) + ..*, (3) 
1 M. Artin suggested this reasoning. 
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or equivalently that the following relation hold among the dimensions 
of these groups, 
hO(N,) = h’(0,) + hyo,(D)) - 1 - h’(o,(q). 
Severi discovered that this is the appropriate condition on a curve E in 
a smooth surface X [(9]), but he formulated it differently requiring that 
the canonical system on X cut out a complete system on D, in other words, 
that the map 
v*: HO(S22,,,) - H0(S22,,, 0 0,) 
be surjective, an equivalent formulation becausew*is equal to the dual of w. 
Kodaira and Spencer formulated it as above in their celebrated analytic 
treatment of the theorem [7]. Bloch [l] extended the theory to a local 
complete intersection 2 of arbitrary codimension p in a smooth projective 
complex variety X: he defined 2 to be semiregular if a certain natural map 
is injective, and he proved that if 2 is semiregular, then the Hilbert 
scheme of X/C is smooth at the point representing 2. 
Classically the theorem was used in interpreting the irregularity 
Q = hl(0,) geometrically; this was done on a surface, although now 
the dimension of X does not enter the picture, and q was defined as the 
difference q = (p, - p,). First, one proved that the universal family 42 
of deformations of D consists of at most co* distinct complete linear 
systems, in other words, that the dimension R of the Hilbert scheme 
of X/k at the point h representing D and the dimension r of the complete 
linear system containing D satisfy the inequality R < r + q. (This 
results directly from the sequence (3) because R is at most equal to the 
dimension of the tangent space to the Hilbert scheme at h, which, in turn, 
is equal to hO(N,), and r is, by definition, equal to hO(O,(D)) - 1). Now, 
the theorem was used (in characteristic zero) to prove that X, in fact, 
possess algebraic families consisting of COQ distinct complete linear 
systems, in other words, that the equality R = T + q can be achieved. 
(When the superabundance hl(O,(D)) vanishes, for example, when D 
is a high multiple of a hyperplane section, the theorem implies that the 
Hilbert scheme is smooth at h, so that R is equal to hO(N,), and then the 
sequence (3) yields the equation R = Y + q.) 
Sixty years after the theorem was conceived, it received its first purely 
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algebraic proof; Grothendieck ([2] 5.4, p. 23; 5.6, p. 24) obtained the 
two most important cases (h’(O,(D)) zero and hl(N,) zero) as corollaries 
of his general theory, and Mumford [8, Lect. 23, pp. 157-1601 proceeded 
to obtain the general case (D semiregular). We shall now derive the 
following form of the theorem, in which X too is allowed to vary 
algebraically, from Grothendieck’s work another way; this derivation is 
very nearly in Kempf’s thesis [6, Prop. 7; 11, Lemma 10, p. 4171, which 
treats special divisors on curves with such success. More about the 
history and significance of the theorem can be learned from [lo, pp. 39- 
42; 12, Vol. 3, 4, App.; and 8, Intro., Lect. 21. 
THEOREM. Let S be a locally noetherian scheme, f : Y + S a proper 
flat morphism with geometrically integral fibers, X a geometric fiber and D 
a divisor on X. Assume the Picard scheme P = Pic(rls) is smooth. Then D 
is semiregular if and only if the Hilbert scheme H = Hilbo,s, is smooth 
over S of relative dimension 
R = hl(0,) + hO(O,(D)) - 1 - h’(O,(D)) 
at the point h representing D. 
Proof. H will be smooth at h if, under the flat base change f : Y + S, 
it becomes smooth at (h, h) (EGA IV, 17.7.1 .ii); making this base change, 
we may assume f has a section. Then there exists a Poincare sheaf L on 
Y x P [3, Cor. 2.3, p. 51, and if Q denotes the coherent sheaf on P 
satisfying 
Hom&A G) = P& 0 P,*G) 
for all quasicoherent sheaves G on P [13, III,, 7.7.61, then p(Q) is 
canonically isomorphic to the open subscheme Divtxis) of H param- 
etrizing effective divisors [3, 4 pp. 8-121. (Thus the universal family of 
effective divisors is composed of distinct linear systems in the nicest 
possible way.) Since IIp(Q) is equal to an open subscheme of H, the Zariski 
tangent space at h to the geometric fiber of p(Q)/S through h is equal to 
that of H, namely Hl(N,); h ence, by (4), this tangent space is of dimen- 
sion R if and only if D is semiregular. 
Let p E P denote the image of h. Then we clearly have 
hi(W)) = hi(OxP)) for each i. 
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Moreover, P is, by hypothesis, S-smooth, and so 
dim,(P/S) = h’(O,) 
holds [4, Prop. 2.lO.iii, p. 15; 8, 2.0 Lect. 25, p. 1641. Therefore, the 
theorem results from the following lemma with 2 = Y x P. 
LEMMA. Let S be a locally noetherian scheme, P a smooth S-scheme, 
g: Z --+ P a proper morphism, and L a coherent O,-Module flat over P. 
Let Q denote the coherent Or-Module satisfying 
Homo,(Q, G) = g,(L 0 g*G) 
for all quasi-coherent Or-Modules G [13, 111.2, 7.7.61, let h be a geometric 
point of p(Q), let p E P denote the image of h, and set 
R = dim,(P/S) + hO(L(p)) - 1 - h’(L(p)). 
Then IF’(Q) is smooth over S of relative dimension R at h if and only if the 
Zariski tangent space at h of the geometric fiber of P(Q)/S through h is of 
dimension R. 
Proof. Let U be an affine open neighborhood of p, and K’ a finite 
cohomology complex of L 1 g-‘(U); each term Ki is a locally free coherent 
O,-Module, almost all are zero, and there exists a functorial quasi- 
isomorphism 
K’ @ G ---f t”(g-W; L @ g*G) (5) 
for each quasicoherent O,-Module G [13, III, 6.10.51. Shrinking U and 
replacing K’ by a subcomplex, we may assume that each term is free 
on U and each differential is zero at p (we form an appropriate sub- 
complex of K* @ k(p) and lift a basis). Then the quasi-isomorphism (5) 
with G = k(p) yields 
rk(Ki) = l+(F(p)) for each i. (6) 
The complex K’ and the sheaf Q are related by an exact sequence 
(which, in fact, is used to construct Q), 
K’* + K”* -+QIu+O, 
where Ki* denotes the dual sheaf (EGA III, 7.4.6, 7.7.4). The sequence 
defines a closed embedding of lF’(Q ( U) in B(KO*) as the zeros of the 
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homogeneous ideal generated by G*. Taking a basis for K1*, we obtain 
a set of A(F) equations for p(Q / U) locally at each point. 
The S-scheme p(Q) is smooth of relative dimension R at h if and only 
if it is flat at h and the local ring at h of its geometric fiber is regular of 
dimension R [13, IV, , 17.5.11, Now, I1p(Q 1 U) is S-flat at h and a set of 
rk(W) local equations for it at h is a regular system if and only if P(KO*) 
is S-flat at h and the induced set of equations for the geometric fiber of 
p(Q 1 U) in the geometric fiber of P(KO*) is a regular system [ 13, O,, , 
15.1.161. However, P(KO*) is U-smooth (at every point) because &Lo* 
is free, and U is S-smooth because, by hypothesis, P is. Hence, P(KO*) 
is S-flat, and we have 
dim,([FD(Q)/S) 3 dim,(P/S) + rk(KO) - 1 - vk(Kl) (7) 
by Krull’s theorem, with equality if and only if the induced set of rk(Kl) 
equations at h for the geometric fiber of p(Q)/S through h is a regular 
system by Macaulay’s theorem. However, the Zariski tangent spaces 
at h of this geometric fiber is of dimension > dim@(Q)/,!?), with 
equality if and only if the local ring at h is regular. Moreover, by (6), 
the right hand side of (7) is equal to R. Putting these observations 
together, we obtain the conclusion of the lemma. 
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